TOPOLOGICAL RIGIDITY OF QUASITORIC MANIFOLDS 

VASSILIS METAFTSIS AND STRATOS PRASSIDIS* 



Abstract. Quasitoric manifolds are manifolds that admit an action of the torus that is locally as 
the standard action of T" on C". It is known that the quotients of such actions are nice manifolds 
with corners. We prove that such manifolds are equivariantly rigid i.e., that any other manifold 
that is r"-homotopy equivalent to a quasitoric manifold, is r"-homeomorphic to it. 

1. Introduction 

Toric varieties are studied extensively in algebraic geometry and combinatorics ([5], [IQ]). The 
main tool in their study is the simplicial complex that is determined by the fan of the toric variety. 
This simplicial complex is actually the quotient of the toric variety by the torus action. The 
combinatorial properties of the simplicial complex reflect the algebraic and geometric properties of 
the variety and vice versa. A topological analogue of toric varieties was by Davis-Januszkiewicz 
([3]), called quasitoric manifolds. Quasitoric manifolds are manifolds that admit an action of the 
torus which is locally standard such that the quotient space is a simple polytope. Locally 
standard actions are those where, locally, T" acts by the standard coordinate wise multiplication 
on C". As in the toric variety case, the combinatorial properties of the polytope provide information 
about the topological structure of the manifold. Furthermore, the manifolds can be reconstructed 
from the polytope and an appropriate assignment of subgroups of T" to the faces of the polytope. 

In this paper, we consider a further generalization considering locally standard T'^-actions on 
manifolds, and we call them pseudotoric manifolds. In this case, the quotient space is a nice 
manifold with corners. As before, we show that the combinatorial properties of the manifold with 
corners are reflected to the topology of the pseudotoric manifold. Also, the pseudotoric manifold 
can be reconstructed by an appropriate assignment of subgroups of T" to its faces. The main 
theorem of the paper is the following. 

Theorem (Main Theorem). Let M^" be a quasitoric manifold and A^^" a locally linear T"^- 
manifold. Let f : A^" — > M^" be an equivariant homotopy equivalence. Then f is equivariantly 
homotopic to an equivariant homeomorphism. 
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The idea of the proof is the same an the one used in the Coxeter group case ([9], [H], [E])- After 
all, the reconstruction of the quasitoric and pseudotoric manifolds, from their quotient spaces, 
is similar to the construction of the Coxeter complex of a Coxeter group, a similarity that was 
made precise in [3j- First it is proved that A^^" is a quasitoric manifold. Let X = M'^'^/T'^ 
and Y = A^^"/T". Then X is a simple polytope and / induces a map (j) : Y ^ X that is a 
face-preserving homotopy equivalence. As in the references for the Coxeter group case, we show 
inductively that there is a face-preserving homotopy from (p to a face-preserving homeomorphism 
X- The homeomorphism x lifts to a T^-homeomorhism between N'^"^ and M^" that is homotopic 
to/. 

The main theorem, loosely, can be considered as a version of an equivariant or stratified Borel 
Conjecture. Let n : M ^ X. Over the interior a of faces of X, the map vr is a fiber bundle with 
fiber To-, where To- is the isotropy group of a. So, M^" admits a stratification by open aspherical 
manifolds. 

For non-singular toric varieties better rigidity theorems are known. Let M and be two toric 
manifolds. In [6j and [8] it was shown that if H*{ETxtM) and H*{ETxtN) are isomorphic as 
i^*(i?T)-algebras, then M and are algebraically isomorphic. Actually a slightly stronger result 
was proved in the above references. 

In |18j . a generalization of the locally standard actions is given, called local torus actions. Our 
methods do not directly generalize to this case. In [17J, the generalization of the quotient map 
TT : M^" ^ X is given. It is called local standard torus fibration. Again, our methods can not be 
applied directly to the stratified rigidity problem for such M^". 

2. Preliminaries and Notation 

We consider as the standard subgroup of C*, the multiplicative group of non-zero complex 
numbers. Furthermore < (C*)". We refer to the standard representation of T" by diagonal 
matrices in U{n) as the standard action of T" on C". The orbit of the action is the positive cone: 

W]^ = {{xi,X2,...Xn) ■■ Xi > 0}. 

Most of the T^-actions considered in this paper satisfy the following property. 

Definition 2.1. Let M^" be a 2n-dimensional manifold with an action of T". The action is 
called locally standard if for every x G M^" there is a T" invariant neighbourhood U of x and a 
homeomorphism f : U W where W is an open set in C" invariant under the standard action of 
T", and an automorphism (p : T" — > T" such that f{ty) = (p{t)f{y) for all y £ U. 

Definition 2.2. An action G x X X is effective if there is no non-trivial element of G that 
stabilizes X pointwise. In other words the intersection of all isotropy subgroups is trivial. 

Remark 2.3. (1) If the action of T" is effective and it does not have any finite isotropy groups, 
then the action is locally standard by the slice theorem (|17j). 
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(2) If M^" is smooth and H°'^'^{M) = 0, then the action is locally standard (|7]). 

The next definition formalizes the local properties of the quotient space of a locally standard 
T"-action. 

Definition 2.4. A space X is an n-manifold with corners if it is a Hausdorff space equipped with 
an atlas of open sets each one homeomorphic to an open subset of M" such that the overlap maps 
are local homeomorphisms that preserve the natural stratification of Wi^ . 

The quotient of a locally standard action is a manifold with corners ( [2] , [7] ) . 

Remark 2.5. For any n-manifold with corners X we have the following. 

(1) For each x £ X and a chart a, define c(x) to be the number of coordinates of (j(x) that 
are 0. The number c{x) is independent of the choice of the chart and so c defines a map 
c : X — )• N. For < A; < n, a connected component of c~^{k) is a stratum of codimension 
k. The closure of a stratum is called a closed stratum. 

(2) Let X e X. Define 

Y{x) = {C : C closed co dimension-one stratum that contains x}. 

The manifold with corners X is called nice if = 2, whenever c(x) = 2. 

(3) The slice theorem implies that the quotient space of a locally standard r"-action is a nice 
manifold with corners (^Zj). 

(4) A facet in an n-manifold with corners is the closure of a connected component of the 
codimension 1 stratum. A non-empty intersection of k facets is called a codimension-A; 
preface {k = 1, . . . ,n). In general, prefaces of codimension > 1 may be disconnected. A 
connected component of a preface is called a face. The manifold X itself is considered to 
be a codimension-0 face. The k-skeleton of a manifold with corners X is the set of all faces 
of codimension greater than or equal to k and it is denoted by X^^\ 

(5) An n-manifold with corners is called simple if the codimension n faces are contained in 
exactly n facets. This definition is in analogy with the definition of simple polyhedra. 

For the sequel of the paper we assume that M"^^ is an n-dimensional manifold with a locally 
standard action of T". 

The following definition is a special case of torus actions. It generalizes the definition of quasitoric 
manifolds given in ([1], [3]). 

Definition 2.6. Given a nice manifold with corners X", a manifold M^" with a locally standard 
T^-action is called a pseudotoric manifold over X^ if there is a projection vr : M^" — )> X" whose 
fibers are the orbits of the action. 

Remark 2.7. (1) Quasitoric manifolds are pseudotoric manifolds so that the quotient space is 
not just a manifold with corners but it is a simple polytope. 
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(2) Remember that a torus manifold M"^^ is a smooth T"-manifold with an effective T"-action 
and M^" / (^7]). 

(3) Definition 12.61 implies that, under the projection vr, points with the same isotropy groups 
are mapped to the relative interior of a face of X^. Thus the action of is free over the 
open stratum of and the vertices of i.e. the 0-dimensional faces, correspond to the 
fixed points of the action. 

Let vr : M^" — )• X" be the projection defined above. A codimension-1 connected component of 
a fixed point set of a circle in T"^ is called a characteristic submanifold of M. The images of the 
characteristic submanifolds are the facets of X. 

Definition 2.8. A manifold with corners X is called face acyclic if all the faces, including X itself, 
are acyclic, that is, its reduced integral homology H^X is trivial. We call X a homology polytope 
if all its prefaces are acyclic (in particular they are connected). Thus AT is a homology polytope 
if and only if it is face acyclic and every non-empty intersection of characteristic submanifolds is 
connected. 

Remark 2.9. A simple convex polytope is an example of a manifold with corners that is a homology 
polytope. A quasitoric manifold can be defined as a locally standard manifold whose orbit space is 
a simple convex polytope with the standard face structure. 

3. The canonical model 

We will show how to reconstruct the pseudotoric manifold from a manifold with corners X and 
some linear data on the set of facets of X. We use the construction in [7] that generalizes the 
construction of quasitoric manifolds in [T] and [3|. We write T = T". 

First, we will see some of the properties of characteristic submanifolds of a pseudotoric manifold. 
Let Mi = 7r^^(Aj) be the characteristic submanifolds, where Aj are the facets of A (i = 1, . . . , A:). 
Let 

A : {Ai,...,Afc} ^Hom(5\r) ^ 

such that A(Xj) is a primitive vector that determines the circle subgroup of T that fixes Mj. The 
main property of these data is that if ATj^n . . . flAj^ ^ then A(A'jj), . . . , A(Aj^) is a part of 
Z-basis of the integral lattice Hom(S'^,T). 

Now, we give the inverse of the construction. We start with a simple manifold with corners X 
and a map A that satisfies the above condition about the non-empty intersections of the facets. 
Given a point x € A, the smallest face which contains x is the intersection Aj^n . . . nXj^ of all 
facets with x £ Xi.. We define T(x) to be the subtorus of T generated by the circle subgroups 
corresponding to A(Ajj), . . . , A(Aj^). We define: 

Mx(A)=TxX/~, (t,x) ~ X = x', andt"4' e r(x). 
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The space Mx(A) is a closed manifold and the torus T acts on it by acting on the first coordinate. 
This follows as in the case of quasitoric manifolds ([3], Proposition 1.8, [7], Proposition 4.5, and 
|18j Lemma 5.2 and Theorem 5.5). 

Lemma 3.1. Let M be a pseudotoric manifold with orbit space X , and the map A defined as 
above. If X is contarctible then there is a T-equivariant homeomorphism Mx(A) — >■ M covering 
the identity on X. 

Proof. The idea is to construct a continuous map / : TxX M so that f{Tx{x}) = tt^^{x). 
This is done by subsequent "blowing up the singular strata". The condition on the contractibility 
guarantees that the resulting principal T -bundle over X is trivial, i.e. there is an equivariant 
homeomorphism f : T x X M inducing the identity on X. Then the map / descends to the 
required equivariant homeomorphism. The details are in [3J (also in [7] and [E]). □ 

Remark 3.2. In [3j and [7j the result is proved under the condition that M is a smooth manifold. In 
[18] it is proved for topological manifolds that admit a local torus action, generalizing the concept 
of locally standard torus manifolds. 

We call {X, A) a characteristic pair. Hence, under the hypothesis X is contrarctible, a charac- 
teristic pair {X, A) completely determines Mx (A) . 

Now we investigate the natural properties of the construction. Let (f) : X —?■ Y a map between 
manifolds with corners. It is called skeletal if it preserves skeleta i.e. (jy^X^^^) C Y^''\ Similarly, a 
homotopy is called skeletal if the maps at each level are skeletal. 

Proposition 3.3. Let (X", A) and (y", A') be two characteristic pairs and a : T T a continuous 
automorphism. Let (p : X Y a skeletal map that satisfies a{A(Xi)) < A'((p{Xi)) for each facet 
Xi of X. Then cf) induces a cr -equivariant map (p^ : Mx(A) —?■ My (A'). 

Proof. Define that map (p^,, the obvious way: 

: Mx(A) ^ My(A'), Mt,^) = (cT(t), (/-(x)). 

We need to show that the map is well-defined. Let {t,x) = {t',x) in Mx(A). Then t~^t' € T{x) 
where x belongs to the relative interior of the face that is determined by the intersection of facets 
Xjj, . . . , Xi^ and T{x) is the subgroup generated by A(XjJ, . . . , A(Xj^). Then 

0(x) G0(Xi,)n...n0(Xi„). 

It should be noticed that the faces (j){Xi^) are not necessarily facets. Therefore there are facets 1^^, 
. . . ,Yj^ of y so that (t){x) belongs to the relative interior of their intersection. Since the map 4> is 
skeletal, 

Y^,f^...rY,^ = <p{x,,)n...f^^{x,J. 
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By hypothesis, a{A.{Xi^)) < A'(^(Xj^)) and therefore, the subgroup generated by A'(0(Xj^)), 
r = l,...,m, contains the subgroup generated by a{A(Xi^)), r = l,...,m, which imphes that 
{a{A{Xi^)),r = l,...,m) is contained in the subgroup generated by A'{Yj^), p = l,...,s. But 
{A'{Yjp),p = l,...,s) is actually the subgroup T(0(x)). Thus a{t~^t') belongs to the subgroup 
T{^{x)). That implies, {a{t),(f>{x)) = {a{t'),(f>{x)) in M|-"(A'). 

By the construction, the map is obviously cr-equivariant. □ 

Corollary 3.4. If cftg : X ^ Y , s e [0, 1], is a skeletal homotopy so that a{A{F)) < A'{(j)s{F)), for 
each s and each facet F of X. Then (f)o,* —a 4>i,*- 

We now investigate the reverse construction. 

Proposition 3.5. Let f : Mx{A) My (A') a a-equivariant map, with a as before. Let (f) : X ^ Y 

be the map induced on the quotients. Then 

(1) The map (j) is skeletal. 

(2) (t{A{F)) < A'{(P{F)), for each facet F ofX. 

(3) There is a a equivariant homotopy such that f ~(j i^^,. 

Proof. The equivariance implies that (j) is skeletal. Let x € X and g € A(Xi) for some facet Xi. 
Then one can easily show that (p{gx) = (T{g)(j){x) and so cr(A(Xj)) < A'{(j){Xi)) since (p is skeletal 
map. Now, for each face F of X we denote Tp the isotropy subgroup of F under the action of T. 
Let Cp = {tj^ip : ip ^ If} be a complete set of coset representatives of Tp in T such that if F' C F 
then Tp < Tpi and Cpi C Cp. We require that 1 G for each F. Now let f{l,x) = 
where tx is in Cp and x belongs to the relative interior of F. Since tx G T, 

tx = (cxp(27rAi,j,ii), . . . , exp(27rAn,a;i)), (Ai,a;, . . . , \n,x) G K"-. 

Define the line-segment path from to \i^x in 1^, 

Oii,x •■ [0, 1] M, ai^x{s) = Xi,xS. 

Define the path 

ax = (exp(Q!i,a;), . . . , exp(an,a;)) : [0, 1] T. 

Define a homotopy 

$ : Mx(A)x [0, 1] ^ My (A'), x), s) = {a{t)ax{s),^{x)). 

It is obvious that $ is well-defined, cr-equivariant and starts from 0* and ends to /. We will show 
that $ is continuous. Let F be a face of X. Then the map {l}xF — )■ Mx{A) is an embedding. 
Thus /|{l}xF is continuous. So the map 

{l}xF^TxY, {l,x) ^ (tx,(l>ix)), where /(I, x) = (t^,0(x)) 
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is continuous. From the definition of ax tlie map 

({l}xF)x[0,l] ^Txy, ((l,x),s) ^ (a,(s)t,,0(x)) 

is continuous. Composing witli the quotient map, we see that $|{l}xF is continuous. Also, the 
map $ agrees on the intersection of two faces {l}xF and {l}xi<" because of the choices we made 
for the coset representatives. Thus the map $ is on the image of {l}xX. By equivariance, $ is 
continuous on Mx(A). □ 

4. Rigidity 

Let (X",A) be a characteristic pair with X" a simple nice manifold with corners and M^" = 
Mx(A) the corresponding pseudotoric manifold. We assume that all the faces of (and itself) 
are homeomorphic to contractible manifolds with boundary. That means that X is a homology 
polytope. That is the situation when M is a quasitoric manifold. In that case the co-dimension 
faces have trivial isotropy subgroups. Let A^^" be a 2n-dimensional T = T^-manifold and / : 
A^" — )• A/^" a T-equivariant homotopy equivalence. 

Lemma 4.1. The action of T on A^" is effective. 

Proof. We assume that that is not the case. So there is t G T that fixes A^" pointwise. Let 
G = (t). Then A^*^ = A^" ~ since / is an equivariant homotopy equivalence. But is 
a closed proper submanifold of M^", because the action on M^"^ is effective. Thus dim(Ar<^) = 
dim(M'^) < dim(M2") = dim^N^"^), a contradiction. □ 

Proposition 4.2. The action of T on A^" is locally standard. Thus, N'^^/T = Y, that is, Y is a 
manifold with corners. 

Proof. Since T acts effectively on A^", it is enough to show that A^" has no finite subgroups. 
Suppose that F is a finite isotropy group of X^". Then A-^ / 0. But A^ ~ = 0, a 

contradiction. Thus, A^" has no finite isotropy subgroups and thus the action of T is locally 
standard ([13, Example 2.1). □ 

Corollary 4.3. Let A^" and Y be as above. Then there is a characteristic map A' so that A^" =t 
My {A'). 

Proof. For each facet, F of Y, define A'(F) = Tp, the isotropy subgroup of F. Define My (A') 
to be the quotient space T xY/ ^ with {t,x) ~ {t',x') if and only if x = a;' and t~^t' G T{x). 
The T- homotopy equivalence / induces a skeletal homotopy equivalence cp : Y ^ X. Thus Y is 
contractible. The result follows from lemma [3TT1 □ 

We start with some reductions to the rigidity problem. Let / : A^*^ — t- M^" a T-homotopy 
equivalence as before. Let : y — > A be the quotient map induced by /. By Proposition 13. 5^ the 
map / is T-homotopic to (j)^. 
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We need a version of the Poincare Conjecture. For an n-dimensional manifold with boundary 
(M,dM) the relative structure set S{M,dM) is the set of equivalence classes of pairs {N,f) with 
N an n-dimensional manifold with boundary and f : N ^ M a, homotopy equivalence such that 
df : dN — > dM is a homeomorphism. 

Lemma 4.4. Let (M, dM) be a compact contractible manifold with boundary. Then the relative 
structure set S{M,dM) = *. 

Proof. In |15j . the calculation is reduced to the structure set of the sphere. For n > 5 the result is 
due to Smale ([K]), for n = 4 to Freedmann (^), and for n = 3 to Perelman ([llj. [12j . |13j). For 
n = 1, 2 it is a classic result. □ 

Proposition 4.5. With the above notation, the map 0^, is T-homotopic to a T -homeomorphism. 

Proof. We will use the method that was used in [9], |14) . and [15]. We will show that (p is skeletal 
homotopic to a skeletal homeomorphism. Then, he result follows from Corollary 13.41 We will 
construct a skeletal homotopy by induction on faces. Notice that because / is a T equivariant 
homotopy, the skeletal map preserves (closed) faces. That means that if Fi is a face of Y of 
codimension-Zc, then (p maps Fi to F2 and (j)\F^ : Fi ^ F2 where F2 is a face of X of codimension-A;. 
Also, each closed face is homeomorphic to a contractible manifold with boundary. 

We start the induction. The zero faces correspond to the T-fixed point sets. Thus, we have the 
same number of zero faces. The restriction of (p to zero faces is a homeomorphism. Now, let a face 
Fi be a face of Y and dFi its boundary. We assume that there is skeletal homeomorphism hgp-^^ 
skeletal homotopic to (f)\dFi. Using the homotopy extension property, there is a map (f)' : Fi ^ F2 
that is homotopic to and it extends the map hgp-^. Because all the maps and homotopies are 
skeletal at the boundary, they are skeletal in the closed face Fi. By Lemma l4.4| (p' is homotopic 
to a homeomorphism relative to the boundary. As before, all homotopies are skeletal. Continuing 
this way, we get a skeletal homeomorhism h : Y ^ X that is skeletal homotopic to (p. Also, 
A'(F) < A{(p{F)) = A{h{F)). Thus 0* ~t h^, which is a T-homeomorphism. □ 

Theorem 4.6 (Rigidity for Pseudotoric Manifolds). Let AI be a pseudotoric manifold over a nice, 
simple manifold with corners X. We assume that all the faces of X (and X itself) are homeomorphic 
to contractible manifolds with corners. Let N a locally linear T -manifold and f : N ^ M a T- 
equivariant homotopy equivalence. Then f is T-homotopic to a T-homeomorphism. 

Proof. For Proposition 14.21 the action of T on is locally standard. For Corollary 14.31 A^ =t 
My (A') for some manifold with corners Y and a characteristic function A'. Then the map / 
induces a skeletal map (p : Y ^ X. By Proposition 13. 5^ (p is skeletal, homotopic to a skeletal 
homeomorphism h. Thus 

/ ~r (p^ ~T /i* 

and the last map is a T-homeomorphism. □ 



TOPOLOGICAL RIGIDITY OF QUASITORIC MANIFOLDS 



9 



The following is an immediate consequence of our Theorem. 

Corollary 4.7. Let M be a quasitoric manifold. Let N a locally linear -manifold and f : N ^ M 
a T^-homotopy equivalence. Then f is T"' -homotopic to a -homeomorphism. 

Also, a slightly more general result holds. 

Corollary 4.8. Let M he a pseudotoric manifold over a nice, simple manifold with corners X. 
We assume that all the faces of X (and X itself) are homeomorphic to contractihle manifolds with 
corners. Let a : T ^ T be a continuous automorphism. Let N a locally linear T-manifold and 
f : N ^ M a a-equivariant homotopy equivalence. Then f is a-homotopic to a a-homeomorphism. 
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